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A Note on t h e  General I n v e r s e  Problem 
of  Optimal Con t ro l  Theory 
J .  C a s t i *  
1. I n t r o d u c t i o n  
A problem commonly f aced  by t h e  d e s i g n e r  o f  a  c o n t r o l  
sys t em is  how t o  choose a  c r i t e r i o n  f u n c t i o n  which a c c u r a t e l y  
r e f l e c t s  t h e  f u n c t i o n a l  o b j e c t i v e s  o f  t h e  sys tem which 
y i e l d s  a  "simple" op t ima l  c o n t r Q l  law. S ince  two d i f f e r e n t  
c o n t r o l  laws may r e q u i r e  r a d i c a l l y  d i f f e r e n t  p h y s i c a l  s t r u c -  
t u r e s  t o  implement, t h e  d e s i g n e r  obvious ly  d e s i r e s  t o  use 
t h a t  l a w  which imposes t h e  minimal we igh t ,  c o s t ,  and complex- 
i t y  r equ i r emen t s  upon h i s  sys tem.  Another way o f  l ook ing  a t  
t h i s  q u e s t i o n  i s  t o  ask:  "given  a  p a r t i c u l a r  feedback con- 
t r o l  law, what i s  t h e  fami ly  o f  c r i t e r i o n  f u n c t i o n s  f o r  which 
t h i s  law i s  op t ima l?"  Th i s  i s  t h e  i n v e r s e  problem o f  op t ima l  
c o n t r o l  t h e o r y .  
Compared wi th  t h e  d i r e c t  problem, t h e  i n v e r s e  problem 
has  n o t  been a c t i v e l y  s t u d i e d ,  a l t hough  i n  t h e  p a s t  t e n  y e a r s  
t h e r e  has  been a  growing body of  l i t e r a t u r e  on t h e  impor t an t  
s p e c i a l  c a s e  of  t h e  problem when t h e  systems dynamics and 
t h e  c o n t r o l  law a r e  l i n e a r ,  t h e  s o - c a l l e d  "op t ima l  r e g u l a t o r  
problem1' [l-61 and a few r e s u l t s  have been o b t a i n e d  f o r  c e r -  
t a i n  c l a s s e s  o f  n o n l i n e a r  problems [7-81. 
I n  t h i s  n o t e ,  we p r e s e n t  e q u a t i o n s  d e s c r i b i n g  e q u i v a l e n t  
* ~ n t e r n a t i o n a l  I n s t i t u t e  f o r  Applied Systems A n a l y s i s ,  
Laxenburg, A u s t r i a  and U n i v e r s i t y  o f  Arizona,  Tucson, Arizona,  
U.S.A. 
c r i t e r i a  f o r  a  very g e n e r a l  c l a s s  o f  c o n t r o l  p r o c e s s e s .  
S p e c i f i c a l l y ,  we c o n s i d e r  t h e  problem o f  minimiz ing  
where u  and v  a r e  r e l a t e d  by t h e  d i f f e r e n t i a l  e q u a t i o n  
The problem we s tudy  i s  t h e  d e t e r m i n a t i o n  o f  a l l  g which mini-  
mize J when t h e  f u n c t i o n s  h  and v  a r e  g iven .  Throughout t h i s  
p a p e r ,  we s h a l l  assume t h a t  v  i s  g iven  i n  " feedback"  form, 
i . e .  v  = v ( u , t ) .  A s  w i l l  be i n d i c a t e d  below, o u r  r e s u l t s  
c o n s t i t u t e  t h e  n a t u r a l  g e n e r a l i z a t i o n  o f  t h o s e  i n  [l-61 t o  
ti le n o n l i n e a r  c a s e  and i n c l u d e  t h e  p rev ious  r e s u l t s  a s  s p e c i a l  
c a s e s .  
2 .  The Bas i c  Equa t ions  
The p r e c i s e  s t a t e m e n t  o f  t h e  problem we c o n s i d e r  i s :  
l e t  u  and v  be  n ,  m-dimensional v e c t o r  f u n c t i o n s  o f  t ,  r e s p e c -  
t i v e l y  and l e t  h ( u , v )  be an n-d imens ional  vec to r -va lued  func-  
t i o n  o f  u  and v  which i s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  i n  each  
component of  v .  Assume t h a t  g ( u , v )  i s  an  unknown s c a l a r  
f u n c t i o n  o f  u  and v  which i s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  i n  
each  argument and t h a t  v  i s  a  g i v e n  feedback c o n t r o l  law. 
To a v o i d  d e g e n e r a t e  s i t u a t i o n s ,  we f u r t h e r  assume t h a t  
g be longs  t o  a c l a s s  of f u n c t i o n s  f o r  which t h e  v a r i a t i o n a l  
problem has  a  n o n t r i v i a l  s o l u t i o n ,  e . g .  g  S t r i c t l y  convex i n  v. 
We d e s i r e  t o  c l a s s i f y  a l l  f u n c t i o n s  g  which minimize t h e  
f u n c t i o n a l  
The f i r s t  t a s k  i s  t o  o b t a i n  an e q u a t i o n  s a t i s f i e d  by a l l  
"op t imiz ing"  f u n c t i o n s  g ,  t h e n  we w i l l  impose a d d i t i o n a l  
s t r u c t u r e  on t h e  a l l o w a b l e  g  i n  o r d e r  t o  u t i l i z e  t h e  t h e o r e t -  
i c a l  s o l u t i o n .  
We beg in  by obse rv ing  t h a t  under  t h e  f o r e g o i n g  assump- 
t i o n s  on h  and g, any o p t i m a l  g  must be  r e l a t e d  t o  t h e  s y s -  
tem dynamics h  by t h e  Hamilton-Jacobi-Bellman e q u a t i o n  
- a f  = min [g (c ,v )  t (g radc  f ,  h ( c , v ) ) ]  , 
a T  v  
where gradc  f ( c , T )  deno te s  t h e  g r a d i e n t  o f  f  r e l a t i v e  t o  t h e  
v e c t o r  c ,  ( , )  deno te s  t h e  u s u a l  v e c t o r  i n n e r  p r o d u c t ,  and 
f ( c , T )  i s  t h e  op t ima l  va lue  f u n c t i o n ,  i . e .  f  = min J .  S i n c e ,  
a  f o r t i o r i ,  v  i s  t h e  o p t i m a l  c o n t r o l  f o r  t h e  unknown f u n c t i o n  
g ,  t h e  Hamilton-Jacobi-Bellman e q u a t i o n  i s  i n  r e a l i t y  equiva-  
l e n t  t o  two e q u a t i o n s  
f o r  f ,  and 
e x p r e s s i n g  t h e  f a c t  t h a t  v  i s  t h e  minimiz ing  c o n t r o l .  I n  
dh Eq. ( 2 ) ,  i s  t h e  J a c o b i a n  m a t r i x  o f  h  r e l a t i v e  t o  v  and 
deno te s  t h e  m a t r i x  t r a n s p o s e .  
Equa t ions  (1) and ( 2 )  may b e  u t i l i z e d  t o  g i v e  t h e  f i r s t  
b a s i c  r e s u l t :  
Theorem 1. A l l  f u n c t i o n s  g which a r e  o p t i m a l  r e l a t i v e  
t o  a  g i v e n  h  and v  s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n  
d  
= ;iT. {"C ,V) )  t grad  c  [ ~ ( C ' V )  - ( ? ( c , v ) ,  h ( c , v ) ) ]  , 
dh ' 
where p ( c , v )  = A# grad  g + (1 - A ' A ) Y ,  A = [(-I 1 ,  Y i s  an  
v  d  v  
a r b i t r a r y  v e c t o r ,  and # deno te s  t h e  p seudo- inve r se  o p e r a t i o n .  
P roo f .  From E q .  ( 2 ) ,  g radc  f  = - p ( c , v ) .  S u b s t i t u t i n g  
t h i s  r e s u l t  i n t o  Eq. (I), we have 
D i f f e r e n t i a t i n g  g rad  f  w i t h  r e s p e c t  t o  T, t a k i n g  t h e  g r a d i e n t  
C 
a f  
o f  r e l a t i v e  t o  c ,  and e q u a t i n g  t h e  two e x p r e s s i o n s  s o  ob- 
t a i n e d ,  we a r r i v e  a t  t h e  e q u a t i o n  o f  t h e  Theorem. 
Remarks. ( i )  Although of  t h e o r e t i c a l  i n t e r e s t ,  t h e  equa- 
t i o n  o f  Theorem 1 i s  of  l i m i t e d  v a l u e  i n  t h e  absence  o f  
f u r t h e r  s t r u c t u r e  on g .  However, a s  w i l l  b e  shown by examples 
l a t e r ,  when we do p a r a m e t r i z e  t h e  c l a s s  o f  a l l o w a b l e  g ,  t h e n  
t h e  e q u a t i o n  may b e  e f f e c t i v e l y  u t i l i z e d .  
(ii) The e q u a t i o n  f o r  g  i s  a  l i n e a r  second-order  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n  i n  n t l  v a r i a b l e s .  Consequent ly ,  i t s  
g e n e r a l  s o l u t i o n  poses  s e r i o u s  compu ta t iona l  (and  a n a l y t i c )  
d i f f i c u l t i e s .  U t i l i z i n g  t h e  f a c t  t h a t  knowledge o f  v  d e t e r -  
mines f ,  and c o n v e r s e l y ,  we now show how t o  d e r i v e  an  a l t e r n a -  
t i v e  f i r s t - o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  whose s o l u t i o n  
c a n  b e  a p p r o a c h e d  t h r o u g h  t h e  t h e o r y  o f  c h a r a c t e r i s t i c s .  
The r e s u l t  we w i s h  t o  e s t a b l i s h  i s  
Theorem 2 .  The o p t i m a l  v a l u e  f u n c t i o n  f ( c , T )  s a t i s f i e s  
t h e  f i r s t - o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  
d  - [af - ( g r a d  f , h ) ]  = 0 . 
dT aT c ( 4 )  
P r o o f .  From Eq. ( l ) ,  we h a v e  
s i n c e  g  d o e s  n o t  e x p l i c i t l y  depend  on T. U s i n g  t h e  e x p r e s s i o n  
i n  E q u a t i o n  ( 2 )  f o r  g r a d v  g,  we h a v e  
o r ,  upon c a r r y i n g  o u t  t h e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  T 
on t h e  l e f t  h a n d  s i d e  o f  t h e  e q u a t i o n ,  
& [g  - ( g r a d ,  f , h ) ]  = 0 , 
which  was t o  b e  e s t a b l i s h e d .  
E q u a t i o n  ( 4 )  may b e  u t i l i z e d  t o  o b t a i n  f ,  .making u s e  o f  
t h e  o b v i o u s  i n i t i a l  c o n d i t i o n  
Once t h e  f u n c t i o n  f  i s  known, we 0 b t a i . n  g by Eq. ( 1 )  a s  
a f  
e ( c , v )  = r n ( c , T )  - ( g r a d c  f , h )  . 
3.  Examples  
( a )  We i l l u s t r a t e  Theorem 1 and  2 by  a p p l y i n g  them t o  
t h e  s t a n d a r d  l i n e a r  r e g u l a t o r  p rob lem.  I n  t h i s  c a s e  we h a v e  
T = ~  , h ( c , v )  = A C  + Bv, v ( c , T )  = -Kc, where  f o r  t h e  p r o b l e m  
t o  b e  w e l l - p o s e d  we demand t h a t  ( A , B )  b e  c o n t r o l l a b l e  a n d  K b e  
s u c h  t h a t  A - EK i s  a s t a b i l i t y  m a t r i x .  To p a r a m e t r i z e  g ,  l e t  
us assume t h a t  g h a s  t h e  q u a d r a t i c  s t r u c t u r e  
w h e r e  Q i s  a n  unknown p o s i t i v e  s e m i - d e f i n i t e  m a t r i x .  I n  view. 
o f  t h e  assumed l i n e a r  s t r u c t u r e  o f  v ,  we may w r i t e  
The o b j e c t i v e  i s  t o  c h a r a c t e r i z e  a l l  Q s a t i s f y i n g  Theorem 1. 
I n  t h e  n o t a t i o n  o f  Theorem 1, we h a v e  
Thus, we s e e  t h a t  Q must s a t i s f y  t h e  e q u a t i o n  
2 ( Q  + K ' K  + K ' B # ( A  - BK))c ' ( A  - bK)'(I - B#'B')~ , 
f o r  a r b i t r a r y  y  and c .  
D i f f e r e n t  c h o i c e s  of  y  y i e l d  d i f f e r e n t  e q u i v a l e n t  Q t s .  
For  example, y  = 0 g i v e s  
w h i l e  i f  y = c ,  we have 
The only  s i t u a t i o n  i n  which t h e r e  e x i s t s  a unique Q 
co r r e spond ing  t o  K i s  when B# = Bel, i . e .  when m = n  and 
B i s  non-s ingu la r .  
( b )  Theorem 2 may be  i l l u s t r a t e d  on a  t r i v i a l  
m o d i f i c a t i o n  of t h e  f o r e g o i n g  problem. Let g ( c , v )  have 
t h e  pa rame t r i zed  form 
w i t h ,  a s  b e f o r e ,  v  = -Kc. S i n c e ,  i n  t h i s  c a s e ,  f ( c )  ha s  
t h e  form 
1 f ( c )  = T ( ~ , L ~ )  L  > 0  9 
we have 
Thus,  a p p l y i n g  Theorem 2 and k e e p i n g  i n  mind t h a t  T = 
a f  - i m p l i e s  - = 0 ,  we s e e  t h a t  
aT 
f o r  a l l  c .  Hence, 
1 L(A - BK) = ( Q  + K'K) , 
Upon symmetr iz ing  t h e  q u a n t i t y  2LA and u s i n g  t h e  f a c t  t h a t  
any o p t i m i z i n g  c o n t r o l  law K must have t h e  s t r u c t u r e  K = B'L, 
the '  above e q u a t i o n  r educes  t o  t h e  w e l l  known e x p r e s s i o n  f o r  €2, 
Q - K'K + LA + AIL = 0 . 
Of c o u r s e ,  we want t o  e l i m i n a t e  L  from t h e  f o r e g o i n g  
e q u a t i o n  and d e a l  d i r e c t l y  w i t h  t h e  g i v e n  d a t a  K .  T h i s  i s  
accompl i shed  by s o l v i n g  t h e  e q u a t i o n  K = B'L f o r  L, y i e l d i n g  
t h e  s o l u t i o n  
where C i s  an  a r b i t r a r y  symmetric  nxn m a t r i x .  S u b s t i t u t i n g  
t h i s  r e s u l t  i n t o  t h e  above e q u a t i o n  g i v e s  
Q = K'K - [B#'K - ( I  - B # ' B ' ) c ] A  
- A ~  [B#'K - ( I  - B#'BI)C] 
f o r  d e t e r m i n i n g  e q u i v a l e n t  Q. 
4 .  D i s c u s s i o n  
We have  p r e s e n t e d  some new e q u a t i o n s  r e l a t i n g  a  s p e c i f i e d  
feedback  c o n t r o l  law t o  a l l  i n t e g r a l  c r i t e r i a  f o r  which i t  i s  
t h e  o p t i m a l  l a w  unde r  f i x e d  dynamics. The examples p r e s e n t e d  
f o r  t h e  l i n e a r  r e g u l a t o r  c a s e  may b e  ex t ended  t o  non -quadra t i c  
c r i t e r i a  by a  s u i t a b l e  p a r a m e t r i z a t i o n  o f  t h e  c o s t  f u n c t i o n  g ,  
e . g .  expans ion  o f  g i n t o  a  f i n i t e  power s e r i e s ,  a F o u r i e r  
e x p a n s i o n ,  and s o  f o r t h .  The c o e f f i c i e n t s  o f  t h e  expans ion  
a r e  t h e n  de t e rmined  by t h e  e q u a t i o n s  o f  Theorems 1 o r  2 .  
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E r r a t a  S h e e t  
P l e a s e  n o t e  t h e  f o l l o w i n g  c h a n g e s :  
P a g e  4 :  Theorem 1 i s  f o o t n o t e d  t o  r e a d :  *To a v o i d  d e g e n e r a -  
c i e s  i n  t h e  p r o b l e m  s t a t e m e n t ,  we as sume  t h r o u g h o u t  
dh t h a t  g r a d ,  g  E Range (=) . 
P a g e  7 :  1. The e q u a t i o n  o n  l i n e  6 s h o u l d  r e a d :  2 ( Q  + K f K ) c  
= - ~ K ' B ~ ( A  - BK)c + . . . . . 
2 .  The e q u a t i o n  o n  l i n e  8 s h o u l d  r e a d :  
2 ( Q  + K ' K  + K ' B # ( A  - BK))c  = (A - B K ) ' ( I  - B # B ' ) ~  
3 .  Below t h e  l a s t  e q u a t i o n  o f  t h e  p a g e ,  t h e  s e n t e n c e  
"Of c o u r s e ,  t h e  o n l y  c h o i c e s  o f  y  t h a t  a r e  i n t e r e s t i n g  
a r e  t h o s e  which  l e a d  t o  a  p o s i t i v e  s e m i - d e f i n i t e  
Q."  s h o u l d  b e  a d d e d .  
P a g e  8 :  The  l a s t  s e n t e n c e  s h o u l d  r e a d :  "where  C i s  any  nxn  
m a t r i x  s u c h  t h a t  L > O.* The f o o t n o t e  r e a d s :  
* N e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  i n  t e r m s  o f  K 
a n d  B  a r e  g i v e n  i n  [ 3 ] .  
